Visualizing the evolution of gravitating systems can be of considerable conceptual value, because it provides important physical information about those systems such as initial data for the problem of the head-on collision of two black holes. This paper discusses several systems for isometrical embedding in R 3 , which is equivalent to visualization. We provide some basic analysis on isometric embedding in R 3 and historical remarks. The Schwarzschild initial surface is the only one that can be visualized with any degree of completeness. We show explicit reasons for the uniqueness of the visualization of the Schwarzschild initial surface.
Introduction
An important way to understand the solutions of the Einstein-Maxwell equation of gravitation and electromagnetism in source-free space is trying to visualize their 2-dimensional slices taken during momentarily stationary symmetry. The well-known example is the visualization of a one-throat slice of the Schwarzschild solution. In fact, any solution slice can be considered an initial datum that describes the starting configuration of black holes. All solutions must be discussed in multiply connected topology [15] , [16] . According to the properties of black hole collisions, the slice is supposed to be a surface with the general shape of a pair of trousers. Based on this idea, there have been some computations of the gravitational radiation generated by the collision of two Schwarzschild throats starting from the rest [1] , [3] , [5] , [17] . They provide some important information on the problem of a head-on collision of two black holes. Such pictures are commonly drawn, but, other than the Schwarzschild solution, an actual "complete" slice has never been visualized [1] , [8] . Visualization is equivalent to a C 2 -isometric embedding in R 2 . According to differential equation theory, an open and simply connected piece can be locally embedded in R 3 , but its global embedding may or may not be true. Beside the Schwarzschild solution, no systematic analysis of global embedding of exact solutions has yet been done( [14] , p. 374). From a mathematical standpoint, these problems are very important and have been attracted considerable attention. [6] , [7] . In the present paper, we discuss the explicit reasons why other slices with a multiply connected topology cannot be visualized to any degree of completeness.
Intrinsic Properties of Slices
Any slice of the solutions of the Einstein-Maxwell equations of gravitation and electromagnetism in source-free space can be considered as a C 
with
l is a positive integer, and m i > 0 is the mass. This model represents the collision of black holes with different masses. (4) has l singularities from the denominator and one from the
is homeomorphic to l-points punctured plane. The topology is
Next, we introduce the Misner surface and define the Misner function as:
where µ is a nonzero constant. 
. For example, the Schwarzschild metric (2) in polar coordinates is,
Then, after computing dx
).
Let u = r cos θ and v = r sin θ. We can get the metric (2) back with m s = 1. The Schwarzschild surface (7) revolves about the curve (r(1 +
Here, {r = 1} represents the shortest closed geodesic looping around the z-axis.
, we can choose the unit-normal vector . Then, for w ∈ T p (M ), the expression of the second fundamental form II in the basis {Ψ u , Ψ v } is given by
where
The Gaussian curvature can be computed using the notation of the first fundamental form (1) and the second fundamental form (8) as
Let C be a regular curve in M passing through p, k the curvature of C at p, and cos θ =< n, N >, where n is the normal vector to C. Then, k n = k cos θ is called the normal curvature of C ⊂ M at p. Infinitely many curves pass through p. The maximum normal curvature k 1 and the minimum normal curvature k 2 are called the principal curvatures at p; the corresponding directions are called principal directions. For a surface of revolution, the meridian and the circles are principal directions. The Gaussian curvature in terms of the principal curvature (extrinsic) is K = k 1 k 2 = det(dN p )). The Gaussian curvature is the same under various computations of intrinsic notion, second fundamental form, and principal curvature.
Because the Gaussian curvatures of Misner
are negative, we must discuss some properties of negatively curved surfaces in R
3
. Define an asymptotic direction of M at p as a direction of T p M for which the normal curvature is zero. An asymptotic curve of M is a regular connected curve C such that the tangent line of C at p is in an asymptotic direction. For any point of negatively curved surface, the principal curvatures k 1 and k 2 have opposite signs. Therefore, any point has a pair of asymptotic curves, and the normal curvature is zero along the asymptotic directions. Thus, any point of negative Gaussian curvature has exactly two asymptotic directions. Let C be a connected curve in the coordinate neighborhood of Ψ such that α(t) = Ψ(u(t), v(t)), t ∈ I is the parametrization. C is an asymptotic curve if and only if
The proof can be found in Do Carmo's book [9] . Fig. 1 shows a projection of two families of asymptotes from the Schwarzschild end to the plane {z = 0}. Starting at any point, the integral curves of the vector field are asymptotic curves spiraling out from the center of the picture.
Another local property of a negatively curved surface is its saddle shape. The intersection of the surface with the tangent plane at p consists of p itself and of 4 arcs starting at p, and the 4 arcs divide the surface into 4 curvilinear sectors, with adjacent sectors lying on opposite sides of the tangent plane. However, not all negatively curved surfaces can be C 2 -isometrically embedded into R
. For example, the hyperbolic plane, (ds
. In 1901, Hilbert [12] proved that a complete constant negatively curved surface cannot be C (l > 1) [8] since the decay rate of their Gaussian curvatures is the reciprocal of distance to the power 3 as points tend toward infinity.
Price and Romano [17] gave evidence by numerical computation that a Misner surface M M is 1 cannot be isometrically embedded as a surface which, at large radius, has the paraboloidal shape of a standard embedding of Schwarzschild geometry. The Schwarzschild paraboloid end condition exist if (1) the Gaussian mapping is one-to-one near each singularity, and (2) the Gaussian image of points tending toward each singularity converges to one point. The condition allows some perturbations on the shapes of revolving surfaces at infinity, while retaining the characteristic asymptotic flatness. We proved that the Misner surfaces
with the Schwarzschild paraboloid end condition [8] . But the proof used two restrictions that seem unnecessary. In the paper, we give the explicit reason why the Misner and B-L surfaces M . This is also an important problem that has various considerations and contributions to cosmology and general relativity.
Historical Remark
In this section, we introduce two methods for constructing finitely-connected orientable non-compact C 2 -surfaces for which K < 0, and which have topologies other than χ(M ) = 1 or χ(M ) = 0 in R
3
. However, all the ends of the constructed surfaces do not look like the end of a Schwarzschild surface, which is asymptotic to a flat plane.
Merging Method In 1898, Hadamard [13] constructed the first example of the union of two hyperboloid bodies with smoothed edges on the surface. The Figure 3 . is a duplication of the original figure in hadamard's article. A hyperboloid on one surface can be considered a solution described by the equation
, and a revolving hyperboloid by rotation of the curve (x, 0, √ x 2 + 1) about the x-axis. It may also be mapped as a ruled surface on which
where α(θ) is a circle on the xy-plane and α (θ) is the tangent vector. If −α (θ) + (0, 0, 1) is taken, we obtain the same surfaces. This shows that a revolving hyperboloid has two sets of mappings, e.g., the two families of asymptotic lines. Figure 2 shows a projection of the two families of hyperboloid asymptotes on one surface of the plane z = 0. The integral curve is a straight line. 
The Gaussian curvature is
We now consider two hyperboloids on one surface as follows:
The union of U * V = is a negatively curved surface with the Euler-Poincare characteristic
The union is homeomorphic to a two-points-punctured torus, as shown in Figure 3 . , 3 4 ] such that f (
) and f ( ). Using those, we can solve a 0 = 863/576, a 2 = −193/108, a 3 = 100/81, and a 4 = −4928/6561. For −1 < y < 1,
, 3 4 ).
By the above, ϕ(y) ∈ C

3
, ϕ(y) > 0, and ϕ (y) < 0. On the strip −1 < y < 1 and −∞ < x < +∞, consider the xy-graph z = x 2 + ϕ 2 (y). The Gaussian curvature
For ∞ < y < −1 and 1 < y < ∞, the result is two hyperboloids on one surface. Thus, they constructed the same surface Hadamard did. The intersection of the union surface and the Figure  3 . Figure 4 shows a projection of two families of asymptotes on the strip(−0.75 < y < 0.75) to the plane z = 0.
Both constructions are based on hyperboloids on one surface. The decay rate of their Gauss curvatures is not the reciprocal of distance to the power 3 as points tend toward the singularity, and their Gaussian map image does not converge to one point. Therefore, the end is not asymptotic to a plane as is the end of a Schwarzschild surface.
Surgery Method Another method for constructing negatively curved surfaces with different topologies is surgery, which means cutting and gluing. For example, consider the two graphs, (x, y, xy) and (x, y, xy + 2). A big circle is then cut in each graph and they are connected by a negatively curved tube. Or circles are cut in the two flat asymptotic regions of a Schwarzschild surface connected by a negatively curved tube; the last step is to smooth out the connecting edges. The crucial part during cutting and gluing is keeping the Gaussian curvature negative. Thus far, no one has succeeded in implementing this idea. An article dedicated to a similar idea is introduced below. In 1966, Rozendorn [18] had a technique for smoothing the edges of connected tubes with negative Gaussian curvatures. Let S be a surface in the cylindrical coordinates (z, φ, ρ) in an equation of the form ρ = f (z, φ) for |z| < z 0 , and f (z, φ + 2π) = f (z, φ) > c 0 .
Let l be the curve of intersection of this surface and the plane z = const. We denote as γ, the angle between the polar radius and the normal to l and as k l the curvature of l, assuming that k l > 0 at those points where l is convex away from the z − axis. Then,
and the Gaussian curvature of S is given by
Supposing that S violates the conditions for regularity (has a ridge) for z = 0 and has the following properties:
2) a plane of the form φ = const. intersects S in a curve convex toward the z-axis and with corners for z = 0 such that
3) and any plane z = const. intersects S in a closed convex curve with curvature
and K is negative. And we can obtain for K the bound:
where C 0 , ..., C 6 are positive constants. Rozendorn [18] constructed a surfaceS * with the 
Conclusion
In this section, we show that the merging and surgery methods both fail to construct Misner surfaces and B-L surfaces. We also discuss the main reasons why no complete negatively curved surface with a Schwarzschild end, beside the Schwarzschild surface, exists We conclude that no multiply connected negatively curved surfaces with flat ends asymptotic to a plane exist.
Since the Gaussian curvature decay rates of each Misner and B-L surface singularity are exactly the same as that of a Schwarzschild surface, it is natural to get an embedded surface by changing a Schwarzschild surface.
Merging Method Following Hadamard's idea, we first take the unions of two Schwarzschild surfaces, which are merged like the union of two hyperboloids on one surface above.
However, the union ofŪ * V = is not a negatively curved surface.
Let U be the intersection curve of the union surface and the plane {y = 0}. Then
Since the Schwarzschild end is asymptotic flat, there exists c 0 such that when |x| > c 0 the curve U is concave down. Let c 1 be the height(zcoordinate) of the curve when x = c 0 . Let γ z be the level curve of the union surface at height z. When z = 0, γ 0 are two separated circles. When z increases, the radii of the circles of the level curves increase. When z reaches the minimum of the curve U , the circles of the level curves touch each other looking like the figure 8. After that height, the level curves become a single closed curve, which is dumbbell-shaped. Let p be the intersection point of U and γ z , where z > c 1 . The tangent lines of curves U and γ z span the tangent plane of the union surface at p and both curves are concave down. This violates the saddle property and the Gaussian curvature is positive at p. This argument can be applied to the general case discussed below.
Therefore, Hadamard's merging method works only for the union of two hyperboloid bodies on one surface. In that case, the intersection curve of the union surface and the plane {y = 0} is
which is a hyperbolic curve and is concave upward. Along the curve U y , the level curves are concave downward, so their Gaussian curvatures remain negative. On the other hand, the intersection curve needing to be concave upward is necessary to the merging method.
Surgery Method
We now point out the problem with the surgery method, which involves cutting and gluing to get a new negatively curved surface. First, we need to cut a piece out of a negatively curved surface, which can be considered as a local graph over the x, y-plane. Denote by Q(x, y) = ax + by + c the linear function whose graph is a plane. Let γ ⊂ R , and the 4 arcs divide the surface into 4 curvilinear sectors, with adjacent sectors lying on opposite sides of the tangent plane. Now one sector above the tangent plane P is cut out to glue a piece below the P . Point β + 1 on the new surface violates the saddle property, so there will be a region where the Gaussian curvature is positive. We can bend the uncut piece to keep the negative curvature from the β + 1 and β + 2 points after gluing a negative tube. If we begin to cut a hole from a xy-graph, then the bend will deform the graph into the shape of a revolving surface. If we begin to cut a hole from the flat end of the Schwarzschild surface, the bend will deform the surface into a hyperboloid on one surface, which is Hadamard's surface. Therefore, the surgery method does not work to construct negatively curved surfaces with multiply connected topologies and ends that look like the end of a Schwarzschild surface.
Main Reason
Both methods failing to work out does not rule out the possibility of C 2 -isometrically embedding Misner surfaces and B-L surfaces in R
3
. Next we show the main reasons for the uniqueness of complete visualization. The first is by argument on the existence of two families of asymptotic curves. Every point with negative Gaussian curvature has exactly two asymptotic curves crossing one another, so the two families of asymptotic curves constitute a net covering the entire surface. Refering to Figure 1 , each family of asymptotic curves spirals out from the throat of the Schwarzschild surface and crosses the other.
By way of contradiction, we assume the existence of a C 2 isometric embedding of a Misner surface and a B-L surface in R
. The vanishing decay rates of their Gaussian curvatures forces the embedding of each infinite singularity to be asymptotic to a plane. Let ω be the angle between the two asymptotic curves at a point on the surface. The negativity of the Gaussian curvature implies that ω is well-defined. The vanishing decay rate of the Gaussian curvature implies that there is a lower bound for ω. The asymptotic curves spiral into the surface from infinity. However, the interior topology has the general shape of a pair of trousers, so for each family of asymptotic curves there exists at least two asymptotic curves needing to branch out into two separate curves that spiral into the two throats of the surface. The branching points violate the property of asymptotic nets of negatively curved surfaces. That is a contradiction. The asymptotic curves of the Hadamard surface do not violate this property because their asymptotic curves are almost straight lines and their angles ω tend toward 0, as shown in Figure 2 . . First, we take a closed circle γ p i near one p i of the singularities. The vanishing decay rate of the Gaussian curvature forces the embedding of γ p i to close a big circle in R
. Next, we take the geodesic curves γ g perpendicular to γ p i . The direction of γ g going toward infinity will be asymptotic to a flat plane. The other direction will go into the interior of the surface. The γ g is concave downward from some point toward infinity. The flatness forces the end to be a graph of an xy function. Let l c be the contours or level curves when z = c, they will be closed curves. If the topology of the surface is not homeomorphic to a Schwarzschild surface, there exist some points on the level curve l c that are concave (e.g., the narrow parts of the dumbbell shape). The Gaussian curvatures of these points are positive. That is a contradiction. Thus, Misner surfaces and B-L surfaces cannot be C 
